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ABSTRACT

In this thesis we explore S. Klainerman’s proof on the global existence of small amplitude solutions
to nonlinear Klein-Gordon equations in four space-time dimensions, as established in his paper
from 1985 [KLM1985]. We consider initial data with small amplitude and compact support and
aim prove the global existence and uniform decay of smooth solutions. We establish that solutions
exist globally if the initial data satisfy a suitable smallness condition. Key analytical tools include
generalized Sobolev norms and uniform decay estimates for the associated linear problem. The
solutions exhibit a decay rate of t~°/%, uniform in time and space. This result is achieved by
combining the energy method, perturbed Klein-Gordon techniques, and Sobolev inequalities.
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1. INTRODUCTION

1.1. The problem at hand.

Consider the nonlinear Klein-Gordon equation
(N.K.G.) Ou+u=F (u,u,u")

where O = 02 — 97 — 05 — 02 is the D’ Alembertian of 4-dimensional space-time R, x R3,
u: Ry x R® — Ris a scalar function and F' a smooth function of u, u’ (representing all of the first
partial derivatives of u) and u” (representing all of the second partial derivatives of ). Assume that
F vanishes, together with its first partial derivatives, at (u, u’,u”) = (0,0, 0). In other words, F is
at least quadratic in u,u’,u” in a neighborhood of the trivial solution u = 0. We subject u to the

initial value problem

(LV.P)

’U,(O, : ) = €f7
(0, - ) =eg
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with f,g € C§° (R3) and € > 0, a small parameter. In this thesis, we aim to prove the following
result, using S. Klainerman’s approach in [KLM1985].

THEOREM 1.1. There exists ¢g > 0, depending on a finite number of derivatives of f, g, F
such that, for any € €0, e[, (N.K.G.) has a unique solution, u € C* (]R+ X R3) which satisfies
(LV.P.). Moreover, u decays, uniformly int > 0,z € R3, as t=°/* for large t.

The main analytic tools used in our proof are the uniform decay estimates for solutions to the
linear inhomogeneous Klein-Gordon equations, [lyu = g, which we develop in Section (2). In
Section (3), we prove the energy method for the perturbed Klein-Gordon equation, a key result in

the proof of the main theorem.

1.2. The I" Operators.
Our proof of the theorem relies on the Lorentz invariance properties of the linear part [} := [0+ 1.

It is easy to show that the linear homogeneous Klein-Gordon equation
Dlu =0

is invariant with respect to translations in time, translations in space, Euclidean rotations (rotations
in the spacial domain), and hyperbolic rotations (rotations in the space-time domain). To each of
these symmetries we associate a differential operator. The translations are associated to the usual

partial derivatives {9;, 01, 02, 93 }. For the rotations, we consider the operators

Qup = 240 — 1504, 0<a<b<3,
where
xg = t,
do = =0,
0; = 0z i=1,2,3
Thus,

Qij = Jiiaj — xja,»,

QOz’ = t@i + Iiat.
We associate the Euclidean rotations to the operators {€2;; | 1 < ¢ < j < 3}, and the hyperbolic
rotations to the operators {Qg; | 1 < i < 3}. The family ' := {9, |0 < a <3} U{Quw |0 < a <

b < 3} generates a Lie algebra, i.e., its R-linear span is a Lie algebra. We define the Lie bracket
(the commutator) of any two operators A, B in this Lie algebra by:

[A,B] := AB — BA
The Lorentz invariance of the Klein-Gordon operator [J; = [J + 1 is then equivalent to

[, 0] =0, 0<a<b<3
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(see lemma (B.1))

1.3. Generalized Sobolev Norms.
Given a 10-index «, and for any fixed ordering of the operators I', we denote by I'“ the product

10

re=JJry,

i=1
where «; is the ¢-th coordinate of o and I'; is the i-th operator in the ordered I' family. We can

hence define some energy norms for functions u : R x R3 — R:

2

(1 E(ult, -)) = (IIU ||L2+ZH3U ||L2> ;

®) E(u(t, - )) = |u( ILw+ZI8u )L

We can also define the generalized Sobolev norms:

3) lu(t, ey =Y ETult, -))
la| SN
1/2
SO (LRSI SITEITS A IS
le|SN
4 u(t, lrv = > BIu(t, )
le|SN
=3 <|ra e +Z|@r u(t |Lm>
oSN i=0
where || - ||z2 and | - | are respectively the L2-norm and the L°°-norm over the spacial domain

R3. Since the commutator of any two I' operators is a R-linear combination of the I" operators (see
lemma (B.4)), any two different orderings of the I' ’s will produce equivalent norms defined above.

We shall also use the following space-time norms for functions u, g : R, x R® — R:

®) [ully = sup [Ju(t, - )lr~,
t=0
(6) [ulk,n = sup(L + t)*[u(t, - )|r.n,
t=0
(7 Ex.n(g) = Sl>1p(1 +6)"lg(t, )N,
>0

The smallness condition implicit in the statement of our theorem can be made more precise. Thus,
we replace (I.V.P.) by

U(O, . ) = U

ou(0, ) = wm

1.VP)
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with ug,u; € C5° (R?®) and define Ay = Ay (ug, u1) as the restriction of [Ju(t, - )||r,n att =0,

ie.,

(8) An = (lult, - )lle.~)l—g

A depends of course, only on ug, u;. The conclusion of the theorem holds if Ay, < ¢ for any
0 < ¢ £ g9, with Ny a fixed positive integer to be specified during the proof.

2. DECAY ESTIMATES FOR THE LINEAR INHOMOGENOUS PROBLEM
Consider the linear Klein-Gordon equation
(L.K.G) Ou=g

subject to the initial conditions (I.V.P.), with g : R, x R?® — R a function of space-time. Also

assume that both v and g are smooth functions of ¢ > 0 and = € R3 such that
9) u,g=0 for |z|]=2t+1

In what follows we shall prove that, under suitable assumptions on g, we can recover some uniform
decay rate for solutions to (L.K.G.), (I.V.P.”). Since our aim is to apply the results of this section to
the nonlinear problem (N.K.G.) where the role of g is played, typically, by a quadratic term, it is
reasonable to assume that g, together with some of its derivatives, decays as a function of ¢ in the
spatial L2 norm. More precisely, using the notation introduced in section (1) we shall assume that
Ein(g) < oo forsome 0 < k < 2 and N > 0, and prove that, with the same k, |ul,o < co. For

technical reasons we take k to be 1 + ¢, for some 0 < £ < i, ie.,

Eiien(g) < o0

for sufficiently large N. We prove:

PROPOSITION 2.1. There exists a constant C' > 0 such that the solution u of (L.K.G.), (LV.P?),

satisfies the inequality
(10) lu(t,2)] < C(L+ )% (|lulls + Ei+c,3(9))

foranyt 2 0,|x| St + 1.

Proof. Performing the change of variable ¢’ = ¢t+2 we may assume that the initial condition (I.V.P.")
is posed at ¢ = 2 and that u, g = 0 for t’ = 2, |z| = ¢/ — 1. The crucial idea in our proof of (10) is
the use of pseudospherical coordinates in the interior of the light cone centered at ¢’ = 0,2 = 0.

We introduce a change of coordinates from Cartesian coordinates (¢', x1, 2, x3) to pseudo-spherical
coordinates (p, §, ¢, ). This choice is motivated by representing a point in R* as pw, where p > 0
is aradial component and w lies on the three-dimensional unit hyperboloid H := {(wo, w1, w2, ws) €
R* | w2 — w} — wd — w? = 1}. Using the identity cosh? # — sinh® # = 1, we define 6 by setting
wo = coshf, \/w? + w3 +w? = sinhf. Then we transform (wy,wy,ws) into spherical coordi-
nates on the two-dimensional sphere of radius sinh 6 centered at the origin, with polar angle ¢ and
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azimuthal angle 1. Thus we obtain the following change of coordinates:
t' = pcosh 0,
x1 = psinh @ sin ¢ cos 1,
To = psinh #sin ¢ sin v,
x3 = psinh 6 cos ¢.

From now on, we use ¢ instead of ¢ for simplicity. Throughout this proof, we will make use of

multiple lemmas that will be proven at the end.

LEMMA 2.2. In these coordinates, the equation (L.K.G.) takes the form:
9 3 1
Ou+ —0put+u=—SApgu+g,
P p

with Ay the Laplace-Beltrami operator on H for the metric induced by the space-time metric
ds? = dt? — dx? — dx3 — dx3:
3
Ap =Y L} - Ag,
i=1
where Ag = O3, + Q34 + Q3 is the Laplace-Beltrami operator of the 2-dimensional Euclidean
unit sphere, S*> = {x € R? | ||z|| = 1}.

LEMMA 2.3. Introducing v = p*'?>u we also have
(11) Pv+v=h=hy+hs

with 5
hi = p71/2 <AHu+ 4u> . ho = ,03/29

We define the cone © = {(t,z) € Ry x R® | |lz|| £ 3¢}, and the 3-dimensional hypersurface
o = XN H. We can picture a section of these sets in the figure below, where the spacial domain
is simplified to a 1-dimensional x-axis. The cone X is represented in grey and the region where
u, g # 0 is highlighted in yellow.
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u,g #0 )y

LEMMA 2.4. For each w € o, the solution of the inhomogeneous linear second order differential
equation (11), (LV.P), is given by:

v(pw) = vo(pw) + /p sin(p — A\)h(Aw)dA

Po

where

o) = cos(p — po)v(pow) + sin(p — po),v(pow)
and py is the p-coordinate of the corresponding point on t = 2.
Clearly, we have,

3
(12) [oo(p)* £ C <| e+ |aiuo|iz> =cp?

i=1
for every p 2 pg,w € 0.

LEMMA 2.5. On the other hand, since u,g = 0 for |x| =2t — 1,t = 2, and for v € R3,t > 2, we
have, for any w € H\o,

v(pw) = /f sin(A — p)h(Aw)dA

Now, using the Cauchy-Schwartz inequality, we have, for every w € o,

P
lv(pw)|? < D? +/ ATITEANTE | R (Aw)|2dN
1

P
<cC <D2 +/ )\1+E|h()\w)|2d)\>

1
with C' := f1°° A7178d\ < 00, and € > 0 a fixed, small, positive constant. Integrating over o, and

changing C', we obtain

p
/|v(pw)|2d5w §c<02+// >\1+5h(/\w)|2d>\d5w>
o oJ1
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We recall now the definitions of & in (11) and the form of the volume element in R* expressed in
pseudospherical coordinates, dtdx = A3d\dS,,, with dS,, the area element on H. Thus, since u, g
vanish for |z| £t — 1, = 2, and for t < 2, we derive

P
/|v(pw)\2d5'w <C (D2 + // /\2+5|h(>\w)|2)\3d)\dsw)
o oJl
1+2p2
=c| v +/ / (2 = [yl "=
s=1 ly|<s—1

Lip? 2
—2+4¢ 3
w0 - ) s duds
s=1 ly|Ss—1

(% — )~} (Au(s,y) +uls, )| dyds

1+4p2
2
<c|p*+ (s = [y 75 (1anu(s. ) + u(s.p)I* ) dyds

s=1 ly|Ss—1

1+2p?

1te
+ (s = [y[*) = |g(s.y)|? dyds
s=1  Jly|Ss—1

Now, recalling the definition of ||u||» and absorbing D? into it,

1+p

D2 4 / /<9 1 $2— |y?) "z (lAHu(s %+ uls,y)| )dyds
§Dz+vﬂ H(J@—wn N CESD ) QAHMSM|+w@yN)@@

2 - €
§D2+/ s / <|AHu(s,y)|2+|u(s7y)\2) dyds < Clul3
s=1 ly|Ss—1

With C := [[* s recalling the definition of 1. o(g),
14p2
2 14e 9
(s* = 1y1*) = lg(s,y)|” dyds
s=1 Jly|Ss—1
1402
< 2 14¢)2 2
< (1477 ((1+9)) l9(s, y)|” dyds
s=1 ly|Ss—1

§ OE%-{—E,O(Q)
with C := [ (1+s)" 7

(13) /wad%scmm+a%a»

Now apply the classical Sobolev inequality (A.11) on the unit hyperboloid H, i.e., given v(w)

defined, in a neighborhood ¢’ of ¢ in H,

3
sup W) = Cllvllwezen, s> 3,
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with W*2 (¢') the usual Sobolev spaces on ¢/ C H. Since the angular derivatives on H can be
expressed with the help of the operators {Qq;, | 0 < a < b < 3}, the norms || - ||yys,2(,) are
equivalent to

1/2

2
Z ||Qﬂv||L2(a’) )

IBI=s

with 8 = (Bub)o<a<b<3 being 6-indices of size |3| = > Bqp, and

o =k

Thus we have, for every p 2 1,

suplofpa) <O | 3 [

|B|<279

1/2

|Qﬁv(pw)2‘ dS,

Therefore, making use of the commutation properties of the €2, ’s with p and [y, we derive, from

the inequality (13) applied on a slightly larger domain ¢’ > o in H,

(14) sup [v(pw)| = C (lulls + Er42,2(9))
weo

for any p = 1, with C independent of p. i.e.,

[o(pw)| = C (ulla + Erte,2(9))

3/2

u, and recalling that ¢ > 2|x|, we obtain

forany p = 1, w € o. Finally, since v = p
—-3/4
lut,z)| < C (¢ = 22) " (Julls + Erse2(9))
SOt @+ 2" (Julla + Brse2(9))

SO+ (fulls + Eiie2(9))

for all (¢,2z) € X, ¢ = 2, which proves (10) in that region.

To prove (10) outside of > we have to rely on a different form of the Sobolev inequality than that
used above. With this in mind, write, for any w € H, w = (wp,w’) with wy = coshf,w’ =
(w1, ws,ws) = (sinh §)¢ with ¢ € S? and § € R, Given w € H, we define H, = {& € H | § >

0}. Proceeding precisely as in the derivation of (13) we infer, using lemma (2.5)

(15) t/ w(p) S < C (Jul2 + E2,. o(9))

w

for any w € H\o. Now we make use of the following:

LEMMA 2.6. Let v = v(w) be a smooth, compactly supported function in H. There exists a
constant C > 0 such that, for any w € H,w = (cosh 0, (sinh 0)¢), with |£| = 1 and § > 0,

(W)= C

sinh9||v||W3’2(Hw)



ALESSANDRO MASSAAD BACHELOR THESIS

Applying this lemma as in the proof of (14) to v(pw), which is compactly supported in H for any
fixed p, we infer from (15)

1
lv(pw)| = CW (lulls + E11e,3(9))

for any w € H\o, with w = (cosh 6, (sinh §)¢), and any p > 1. Finally, since v = p*/?u, and

|x| = psinh 6, we obtain

(t.2)] £ O (s + Prseals)
< (2 — |z2) " Tl (Julls + Bites(9))
<Ot — |z)7 7 (¢ + [a)) "2 (fulls + Eires(9))
S Ct+]a)75 (- 1) (Julls + Bries(g))
<C+)7F (fulls + Erses(9))

for any (¢,x) such thatt — 1 2 |z| = %t, t 2 2 which implies, in particular, (10) and thus ends the
proof of Proposition 2.1. (|

Proof of Lemma (2.2). We compute:

DI

3 3
=0t 0+ Opi - O = %&—&-Z%@i:
= i—1

3
(t@t + Z x182> s
i=1

't t || |z
|| =0 | === 53 = a5
I Ve R
O xzj| = 0 [xi ] = —7( zit = —let

L p NG lz|2)2 p?’

9 _t} —ol bt gt |t
i I i ol |$‘2 i /7752 — Zm? 03

p p? p P

3 2
82 = p172 (t@t + ZxﬁZ)
=1
1 3 3 3
= 207 + 2ty 30,0, + (Z xia,) > ;0
i=1 i=1 j=1
1 3 3
= p—g t28t2 + Qthi&@t + Z xzﬂfjalaj

i=1 i,j=1
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Qi = 2,0; — x;0;,

Q?j = (2;0; — x;0;)(x;0; — x;0;) = zf@f —;0; — 4;2;0;0; — x;0; — x;2;0;0; + 933322
= xf@f + x?@f — 22,2,;0;0; — x;0; — x;0;

Qo; = t0; + 2,0,

0% = (t0; + 1,00) (t0; + 1;0p) = 1207 + 10y + t2;0;0; + 2,0; + t2;0,0; + 30}
= 1207 + 2207 + 2tx;0:0; + t0; + 1;0;.

3 3
Aur - (z sz) A (z Q) (@24 03+ 92)
=1 =1

3 3 3 3
=12 07+ Y ai0F + 2 Y wi00i + 30, + Y w,0; — 2705 — w307 + 2172010,
i=1 i=1 i=1 i=1

+ 2101 + 1205 — m§8§ — x§8§ + 2x9x30203 + 1205 + 13035 — 1‘3812 — xf@%

+ 2x3x10501 + 1303 + 1101

3 3 3 3
=12 07 +[a0F + 2t > w00, + 30+ w0 — Y a70]
i=1 i=1 i=1 ij=1
i#]
3 3
ij=1 i=1
i#j
3 3 3 3
=7 07+ [x0f + 2t Y w040, + 310, +3Y w0 — Y ]
=1 =1 =1 7,7=1
3 3 3
i=1 i,j=1 i=1
3 3 3 3
= A+ [a0F +2t Y 20,0 +3t0, + 3D w0 — Y 4705 + Y wiw;0:0;.
i=1 i=1 i,j=1 i,j=1

10
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Putting all together, and using (L.K.G.), we get:

1 1
—SAputg—u=—SAgu-+ 0?u — Au
p p

3 3
== ((t2 — p*)Au+ (|z|? + p*)0Pu + 2t Z x;0p0;u + 3tOpu + 3 Z z;0;u

i=1 i=1

3
- Z m?@?u—k Z x;2;0;05u

ij=1 i,j=1
1 3 3
= — <|x|2Au + t20%u + 2t Z 2;0:0;u + 3tou + 3 Z 2;0;u

2
p i=1 i=1

3 3
— Z m?@fu—k Z 2;2;0;0;u

ij=1 ij=1
3

3 3
1
== t28§u + 2t Z T;0:0;u + Z 2;x;0;0;u + 3t0yu + 3 Z ;05U
P i=1 ij=1 i=1

3
= 0%u+ =d,u
NG

Proof of Lemma (2.3).
3
0, =20, [p3/2u} = §p1/2u + p*20,u,
31 _ 3 3
aﬁv =53F 12y 4 §p1/28pu + §p1/28pu + p3/28§u
3
_ Zp_1/2u+3p1/28pu+p3/28§u
_3 i 1/2 3o (L 3,
="p u+3p/°0,u+ p sAgu+g Opu — u
4 p p
3 .
= Zp’l/zu + 3p1/25‘pu +p Y2 Agu+ pP2g — 3p1/26‘pu —p*%u
3 ,-1/2

=30 Put pT A gut g2 — P

3
=p 12 {4u + AHU] +p*%g — v,

Proof of Lemma 2.4. For a fixed w € o, set V(p) := v(pw) and H(p) := h(pw) for all p = 0. We

have:
1.\? 1 1
H:(8§+1)V:—<(i8p) —1>V:—<iap—1> (Z_a,ﬂtl)V

11
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Then set W := (19, + 1) V and let us solve the following first oder differential equation for WW:
H=— (1ap—1)W<:>—iH:apW—iW
Note that
0, [T "W (p)] = —ie™"W (p) + =70, W (p) = e~ (=iW (p) + 8,W (p)) = —ie™""H (p)

Let pg be the p-coordinate of the point corresponding to w, at t = 2. Integrating from pg to p = pg

yields:
) ) p
e~ W (p) = e "P°W(pg) — 2/ e " H(s)ds
Po
W (p) = "W (pg) — z/ ¢!(P=) H (s)ds := K p)
Po
So we have

C@,H) V=K&ad,V+iV=iK
And as earlier, note that
8y [V (p)] = iV (p) + €9,V (p) = € (iV (p) + 9,V (p)) = i K (p)
Integrate from pg to p = po:

. . p .
PV (p) = €0V (po) + i / MK (\)dA

Po

Vip) = e—l(p—po)v(po) +i/ e_l(”_)‘)K()\)d}\

Po

12
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We compute:

b re ; *
[ e k= [ et (0mmw ) - / ¢/ H(s)ds | dx
Po Po
P A
:e‘i(”“"’)W(Po)/ eQMd)\—/ /e_’(erg)H )ds | dA
PO PO
‘ e2iA 17 P e2iX A
=€_l(p+p°)W(P0)[ ] _i/ 8,\[ ] /e_l(ers)H(S)dS dX
2i A=po PO 2i pPo

22X pA P
- M [ei(p*po) _ efi(p*po)] — le : / ei(P“)H(s)ds]
P

21
A=po

P e2iA )
+i / —e PN T (A)dA
o 21

0

P o—i(p—s) e—ilp— )\)
= W(po)sin(p — po) fi/ - derz/ (N)dA
Po 2 PO

P
= V(pu)sinp — po) + 10,V (po)sinp o) ~ i [ sinp~ NHO)dA
P

0

Thus, we get:

Vi(p) = e *=7)V (po) + iV (po) sin(p — po) + 9,V (po) sin(p — po) + /p sin(p — A)H(A)dA

PO

= cos(p — po)V (po) + sin(p — po)d,V (po) + /p sin(p — A)H(A)dA

PO

O

Proof of Lemma (2.5). The proof follows the exact same arguments as the previous one, but in-
tegrating from 1 to p = 1 instead of integrating from pg to p = pg, and recalling that V(1) =
9,V(1) =0. O

Proof of Lemma (2.6). For any w = (cosh 6, (sinh#)¢) and v = v(w), we set f(0,€) = v(w) =
v(cosh @, (sinh 0)&). Then we write (using the fundamental theorem of calculus and the fact that f
has compact support):

£20.6) =2 /9 T 6,€) - 008,60

Hence, for § > 0, and since sinh is non-decreasing on R} \{0},

2 o ~
< | [10.9-0050.0

Integrating on the unit sphere S? = {¢ € R? | ||¢|| = 1}, we get:

FO, )72 = F0.6))PdSe <
170, Wi = [ 170.Pas,

sinh? 0df

1£(0,9)?

T ) 7] . 1273
Sinh29/|£=1/9 ‘f(ewf) Dy f(0,€)|sinh® 0dOdSe

13
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Then, applying the Cauchy-Schwartz inequality yields

IN

2
16 0, )||%2gey £ —5— 2 Do fll 12
(16) 1£(0, 22y = SinhgoﬂfHL #.) 110 fllL2(m.)

a7

2
m”f“L%li@ . HfHWl’z(Hw)

Now, notice that

1£(0,9) < lzlg 1FO,)P = 1£(0, )72
and using lemma A.11, we have
£ O, M Foe(szy S 1FO Mivzzee = D ID*FO, )72

lal<2

Now, using (17) with D f(6, - ), we have

« 2 « «
1D 560, )ree) £ 21D Fllisqany - 1D Fllws
thus, we get
2 2
0,6)* < D% fl| 12 - |D* e — |
OO = g 32 10" luain WDl £ i Mo

O

We can get rid of the term ||u||5 on the right-hand side of (10) by using the following straightforward
consequence of the energy identity for (L.K.G.):

PROPOSITION 2.7. Let u be a solution of (L.K.G.) satisfying (ILV.P."). Then for any N € N, and

for any sufficiently small € > 0,

(18) ullv = C(AN + Erte,n(9));

Proof. Let « be a 10-index of size || £ N. Applying I'* to both sides of (L.K.G.) and since
[[*,0;] = 0 (see lemma (B.3)), we get
O %u =T%g.

We then multiply both sides of the equation by 9;I"“u and integrate over the spatial domain R3. By
lemma (B.7), the LHS is equal to 50;£(I"*u(t, - )). Using the Cauchy-Schwartz inequality on the
RHS, we get:

1
5@52(1’“11(757 ) = O u(t,x) - T%(t, ) dx < |0 T%u(t, - )|lpz - IT%(¢, - )]lLe
RS
s ETu(t, ) - [IT%g(t, - )lze

Thus, we have

%QEQ(F“U(IZ ) =EX%ult, -)) - B ET u(t, -)) = ET%ult, -)) - [[T(t, - )2

14
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ie.,
KHET u(t, -)) = [[T%(t, - )llre

Integrating with respect to time s, from s = 0 to s = ¢, yields:

E(Teu(t, ) < E(T / ITg(s, - )|l ds.

We then take the sum over all 10-indices « of size |a] < N to get:

Jutt. e S 30 ECTu(o /Zur“ e ds

le| =N a|SN

<AN+/H9

Now, let € > 0 be a small parameter and we have

31+5
/ lg(s, - lirw ds = / gz lals e ds

< sup (1+ )" g(s, )l /d+
s€[0,4] o (14 s)lte

C /t ds
1= su — < 00,
o0 Jo (1t s)1Fe

taking the supremum over time ¢ = 0 on both sides of the inequality yields the desired result. [

And since

PROPOSITION 2.8. Let u be a solution of (L.K.G.) satisfying (I.V.P.) and (9). Then, with con-

stant C > 0 and e a small positive number, we have
u(t, z)| £ C(1+1)""*[As + E14c5(g)]

foreveryt 2 0,2 € R* and As = (||u(t)|Ir,5)|,_, depending only on the initial data ug,u;.

Proof. We have, using Proposition 2.7 with N = 5,
[ulls = C1 (Brte5(9) + As)
Also note that, from Proposition 2.1, we have
[u(t, 2)] < Ca(1+ )= (|lulls + Eite3(9))
We obtain

lu(t, z)] £ Co(1+1)"*(Cy (Bry-5(g9) + As) + E14-3(9))
S O(L+1) (A5 + Er4e5(9))

15
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3. ENERGY ESTIMATES FOR THE PERTURBED KLEIN-GORDON EQUATION

Consider the perturbed Klein-Gordon equation

3
(PK.G.) Dyu+ > 7% 0;00u = f,
k=0
where 9y = —0;, and {7/* : R x R® — R | j,k € {0..3}} are smooth functions of space-

time. We subject (P.K.G.) to the initial conditions (I.V.P.”), and aim to use the energy method to
bound £(u(t, - )) using L. Hérmander’s method outlined in [HOR1997]. This will be done in
theorem (3.7). To do so, we first prove a few useful results:

LEMMA 3.1 (Gronwall’s Inequality). Let u € C(R4,R) satisfying the differential inequality
w'(t) S alt)u(t) +b(t) forall teR,,

for some a,b € L*(R,.). Then, u satisfies the pointwise estimate

t
u(t) < eA(t)u(O) _|_/ b(g)eA(t)_A(s) ds, forall teR,,
0

where we have defined the primitive function

Some examples and important special cases of the Gronwall lemma are
u'(t) Lalt)u(t) = u(t) < u(0)er®,

u'(t) Saut)+b = ut) < u(0)e + b (e —1),
u'(t) Sau(t) +b(t) = u(t) < u(0)e + /t e t=9)p(s) ds,
0
u'(t) + b(t) £ a(t)u(t), with a,b=20 = u(t)+ / t b(s)ds < u(0)eA®,
0

Proof. Define ¢(t) := e~A(®y(t) and compute its derivative:
¢ (t) = —a(t)e ™ A Ou(t) + e 4D/ (1),
Substitute u'(t) < a(t)u(t) 4+ b(t) into ¢’ (t):
¢ (t) < —a(t)e A Du(t) + e A (a(t)u(t) + b(t)) = e~ Db(t).

Integrate both sides from 0 to ¢:

t t
@' (s)ds < / e~ A (s) ds.

0 0
The LHS becomes ¢(t) — ¢(0), thus

o(t) < ¢(0) + /0 e )p(s) ds.

16



ALESSANDRO MASSAAD BACHELOR THESIS

Recall ¢(t) = e~ A u(t) and ¢(0) = u(0):
t
e AWy (t) < u(0) —i—/ e~ A)p(s) ds.
0
Multiply both sides by e4(*) to obtain the pointwise estimate:

t
u(t) < eAu(0) +/ b(s)eAH=46) gs,

0
O
LEMMA 3.2. For any smooth function u : Ry x R3 > R,
1 1 3 3
_ 2 2 ' Y
Ou - Byu = 00 |doul” + 50 Z_; |;ul ZT@ (Bou - i)
where 0y = —0;.
Proof.
3
Ou - Ogu = Ggu - Oou — Z@fu - o
i=1
3 3 3
= 0fu-Oou+ Y _ O~ 00—y du-0du— Y _ dfu-dou
i=1 i=1 i=1
1 1 3 3
2 2
[l

LEMMA 3.3. For any smooth function u : R, x R® — R, and for any j, k € {0..3},
(97; (80U . 8]U) dr =20
R3
where 0y = —0;.
Proof. Define the vector field V such that Vj, = 0 for k # i and V; = Oyu - 0;u. Therefore, the
divergence of V, div(V') = 0; (Ogu - 0;u), encapsulates the directed derivative of the product of Jyu
and O;u in the ¢-th direction. By applying the divergence theorem (lemma (B.6)) and considering

that the divergence of V' over the entirety of R? equates to the flux through the boundary, which

vanishes at infinity, the integral simplifies to 0, completing the proof. (]

LEMMA 3.4. For any smooth function u : R, x R — R, and for any j, k € {1..3},

oo - 3]5'“1 e %83 (80u . aku) + %(%(aou . @u) — %80(8]11, . 8ku)

17
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Proof. Applying Leibniz rule, compute:
0;(Oou - Opu) = 0;00u - Opu + Oou - 0;0ku
Ok (Oou - Oju) = OROou - Oju + Oou - O0ju
—00(0ju - Opu) = —0p0ju - Ou — dju - ApOku

Taking their sum yields the desired result. ]

In the following, we introduce a notation for linear combinations which will be useful in proving
energy methods, where we do not care about the constants that the operators I" are multiplied by, but
we do care about the order of these operators. Moreover, from now on, multiplication by constants
C will often be used without regard to their different values. This means that their values can change
from a line to another even though their symbol C' will not change. This is of course without any

consequence on our results.

LEMMA 3.5. Given a 10-index « of size || = N, the commutator of T'™ with any first order
partial derivative O is a linear combination of terms of the form OT'P, with (3 being a 10-index of

size at most N — 1. Using our linear combination notation, we write:

[T, 0] = Z ors

IBl=N-1

Proof. The proof is done by induction on the size N of a. For N = 1, if ['* = 0, the commutator

is immediately O since partial derivatives commute. If I'* = Q,,;,, we have, for any ¢ € {0..3},
[Qab, Oc] = [£aOp — 240, Oc] = a[0b, Oc] — Tb[Oas Oe] + [Oby Oe)Ta — [Das Oc] T
= 240pc0 — Tp0qc0 — Tq0pe0 + Tp0qc0 = 0
where we used the Kronecker delta defined by:
1 ifi=j,
0 otherwise.

Thus, for N = 1, the commutator [I'®, J] is indeed a linear combination of terms 9T with |3| <
N — 1 = 0, since the zero term can be considered as a linear combination of no I'? terms. Now,
assume the hypothesis to hold for some N € N and let us show it holds for N + 1. For |o| = N 41,

18
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write [ = T'T'?, where |3| = N. Then,

[, 0] = [I'T?, 9] = I"[I'?, 9] + [T, 9T

!
=T Z O | +0-T7  (by induction hypothesis)
[vIEN-1
i !/
= > T = Y orTT-[Ior

[v|IEN—-1 [v|SN-1
/
= > o
[v|IEN

where we combined I'* and I’ into a I" operator of order 1 higher in the last line. This concludes
the proof. (I

LEMMA 3.6. Given a 10-index o of size |a| = N, the commutator of T with any second order
partial derivative 0 is a linear combination of terms of the form 00T, with (3 being a 10-index of

size at most N — 1. Using our linear combination notation, we write:

/
r*,00)= > oor’
IBISN-1

Proof. Using the previous lemma, compute

[0*,00) = T°00 — 99T = T*99 — 19 — 9|, 8] = (I*d — IT)d — A[T'™, 3]

! /
=[r*00-or*o0 = > or?lo-o > or’
[BISN-1 IBISN-1

! I ! I
= Y orfo|+ [ > oor?|= > oor’- > o’ o

BISN-1 BISN-1 IBISN-1 BISN-1

! li !/
= > oorf+ > oorf= Y oor”

IBISN-1 BISN—2 BISN-1

d

THEOREM 3.7 (Hormander’s Lemma 7.4.1). Let u be a global solution of the perturbed Klein-
Gordon equation (PX.G.). If u vanishes for large | x|, and if

then, for any t = 0,

19



ALESSANDRO MASSAAD BACHELOR THESIS

where for all t 2 0,

and E?(u(t, - )) is defined as in (1).

Proof. Define
3 .
Eult, ) = Eult, )+ [ @) - 3 v 0udk| da.
R3 k=1
and note that for any ¢ = 0,
E(ult, -)) = Ex(ult, ).

Let us show that, for any ¢ = 0,

eult, ) <€ (G0, )+ [ 5, - Nzsds)exp € tr(s)ds)

0
To do so, we multiply both sides of (P.K.G.) by yu and then integrate over R? term by term. Note

the use of Lemmas (3.3) and (3.2) in the following computations:

/Dlu~5‘0udx:/ Du~8oudx+/ u - Oou dx
R3 R3 R3

3
_1 2 1 2
= 230 /}R3 |Gou|” dz + 2%;/}}33 |0;u|” dx
- 1
—Z/ ai(aou'aiu)dx'F*ao/ lu|? dx
i=1 /R 2 Jre

3
1 | ) 1
= 5% 100u(t, )l + 500 3 10wu(t )+ 0+ Gt I

= SE(ult, )

20
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Now, using Lemma (3.4), we aim to get rid of terms of the form 0du since we cannot bound them

by energy norms:

3 3 3
. 1 1 .
Z ATk 0;0ku - Oou = 5 Z 0;(0ou - Opu) + 3 Z A Ok (Oou - Oju)
J,k=0 j,k=0
13
- = 80 8 u - 8ku)
2
1 00 1 ik
= 500(+* - 100ul*) + 5 > 0;(y" - dou - Ou)

1 1 ;
— 580700 “|Goul* — 3 Z 277 - dou - O

G k=1

+ ao( 00 |19gu)?) Z A (y7* - Bou - Oju)

]kl

3
1 1 "
_ 560700 . |80u|2 — 5 kg 1ak’}/‘7 . aou . 0ju
JR=

3
1 )
Do(Y* - |0oul®) — 5 E 5‘0(’ij - 0ju - Opu)

jk=1

3
1 1 ;
+ 580700 “|Boul? + 3 E 0" - Ou - Oju

jk=1
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We end up with terms of the form Ju. We can now integrate over R3, making use of Lemma (3.3)

to let some terms vanish:

3
/RS Z vjkaaku 80udx—f/380 720 |dgu)? — Z 'yjk~8ju-8ku dx

Ji,k=0 J.k=1
—7/ 9oy - |80u|2dx—f Z/ OJW - Oou - Opudx
jk‘ 1
13
~3 Z/ O’k - B - Jjudx + ~ Z/ doy* - O - Ojudx
J.k=1 jk 1
1B
ik ik
L1 Z i .aou.aku)dwriz g A (77* - Ao - Oju) da
]k 1 7,k=1
1 G
(19) zf/ o [ - |Ogul* — Z 'yjk-aju-ﬁku dx
2 Jgs Pyt
1 . 1< ‘
(20) - = Z O’k -Opu - Ojudr + = Z 5‘0’y]k-3ku~5'jud9:
2 'k: Rs 2 1 RS
13
21 + = AR g - Opu) da + = 0 - Oou - Oju
1) J;l ot - D) 2j%::1 . b (v7* - 0o ) dx

We keep the terms of line (19) in the LHS and move the terms of lines (20) and (21) to the RHS. Note
I
that all terms in lines (20) and (21) can be simplified to a term of the form ng OyI* - Ou - Ou dx.

ik
We obtain:
75‘0 [52 / f- 8oud:£+2/ IvF . Qu - dudx
= C(If& lzz - llOoullzz + L) - [[Oullz2 - [|Oul|r2)
SC(IFE e - Eult, ) +T(t) - E2(ult, -)))
SC(If e - Exult, ) +T() - € (ult, -)))

A& (ult, -)) = C(IfE )z +T() - Ex(ult, -)))

And we make use of Gronwall’s lemma (3.1) to get:

ntutt, ) € (£, 0+ [ 15Gs, lzeds ) esp (€ [ 15305 )

Now, assuming the following result to be true for all ¢ = 0:

(22) € (ult, ) = E(u(t, )| = %52@(@ -));
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We get:
E2(ult, ) € SEX(ult, -)
Exlult, -)) < CE(ult, )

And since E(u(t, - )) < Ex(ult, - )), we get the desired result. So it remains to show (22):

3
E2utt, ) = Gt NS [ R0 @o?+ D oy dea] | o
R Jk=1

3 3
= Z/ |’yjk.8ju.6ku| dr < Z sup |’7jk(t,x)|/ |0;u - Opu| dx
Cp—po /R3 >0 R3
7,k=0 7,k=0 2eR?
1< 1
<5 2 195ullee - |0kullze < SE(u(t, )

7,k=0

4. PROOF OF THE THEOREM

For simplicity, and without much less generality, we assume that the nonlinear term F' in (N.K.G.)

is affine in u”, i.e.,

3 3
Fluuuy = 3 £ (u,u) 02+ S 2 (u, o) dgu
a,1=0 a=0

where f* f® are smooth functions of u, u’ with f44(0,0) = £¢(0,0) = 0 foralla = 0,1,2,3,i =
1,2, 3. We may assume that

3
Z ’fai ('LL,’U/)| g

a,i=0

DN | =

for any u, v’ with |u| + |u/| < 1. For the sake of simplicity, we will often use f7 to refer to either
f@or f%. Thus, for any j, f/ € {f* f% | a,i € {0..3}}.
The proof of (1.1) follows a standard iteration argument. Consider a smooth function wg : Ry x

R3 — R which satisfies the following conditions:

(23a) Finite speed of propagation: wq(t,x) =0 foranyt >0, |z|>t+1,
(23b) Decay at infinity: w548 < Ke,
(23¢) Control over the energy: ||wol14 < Ke,

for some fixed K, sufficiently large, and ¢ an arbitrary small positive constant.
We construct a sequence of functions w,, : R, x R?® — R defined recursively as follows: for any

n € N, wp41 is the solution to the linear inhomogeneous Klein-Gordon equation

3 3
(24) |jlujn-‘rl = Z fai (wna w;‘) : aaaiujn-'rl + Z fa (wn7 ’LU;I) . aawn—i-lv
a,i=0 a=0
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satisfying the initial data (I.V.P.”). The existence of solutions to such equations is a classical result
(see [POLY2002]). Assuming that for all n € N, w,, satisfies conditions (23a), (23b) and (23c),
we can easily show by induction that (w,,) is a Cauchy sequence in the Hilbert space H'* and thus
converges to a limit ws, € H'#, since H'* is complete. Thus, it is clear that w., is a global solution
of the Klein-Gordon equation:

3 3
(25) |jlujoo = Z fai (w007 w/oo) : 8aaiwoo + Z fa (wooa w(/)o) : 8awooa

a,i=0 a=0
which proves the main theorem of this paper. Thus it remains to show that for all n € N, w,, satisfies
conditions (23a), (23b) and (23c¢). The proof is done by induction. The base case is fulfilled atn = 0
by the assumptions on wy. It remains to prove the inductive step. For the sake of simplicity, we fix

n € Nand set u := wy,, v := wy+1, and we show the following:

THEOREM 4.1. Let u be a smooth function satisfying (23a), (23b) and (23c), and let v be the

unique solution of the problem:

3 3
(26) Oyv = Z T2 (u, ) - 0uOsv + Zfa (u,u') - Ogv,

a,1=0 a=0

satisfying AL.V.P’). Let Axy = An(ug,u1) be defined as in (8). We claim that if K is sufficiently

large, independent of €, and ¢ is sufficiently small, and
27 Arg(ug,ur) S e,

then v satisfies the same conditions (23a), (23b), and (23c) as .

To simplify notation we shall denote from now on by | - |y the norm | - |5/4 v introduced in (5).

To prove (4.1), we make use of the following results:

LEMMA 4.2. Forany 7 € {f%, f* | a,i € {0..3}} and for any multi-index 3 of size |3| = N,

T2 f7 ()| o < O llullp

Proof. Recalling that f7(0,0) = 0, begin by writing the Taylor series of f7 centered at 0:

Fluu)y =37 > Ot @) "
n>1 k=0
Then apply I'? to get:
n /
D)= > Y TOE-1% (W)

n21 k=0 |B;|+|B2|SN
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Then, taking the L?-norm on both sides, we make use of lemma (B.10), and change C at every line,
we get:

(IS RCAT] =S SR SR |1 || PP [ (70 Ko P

n21 k=0 |B;1|+|B2|SN

n !
k —k
=S DD SR ) N1 P ) e

n2l k=0 |y1[+]y2|SN

n

k —k

= CZ Z ||U||FN ’ ||u||¥N
n>1 k=0

n
< Clull lullp
= T,N ,N

n=0 k=0

=C ||UHPN

LEMMA 4.3. Forany f7 € {f%, f% | a,i € {0..3}} and for any multi-index 3 of size |3| = N,

’Fﬂfj (ua ul) |Loo § C |u|F,N
Proof. The proof is the same as that of lemma (4.2), replacing all the L?-norms by L>-norms. [J

PROPOSITION 4.4 (Generalized energy estimates). Let v be the solution of (26) satisfying (I.V.P.).
For any integer N > 0, there exists a constant Cy > 0 such that

(28) [v|nv41 S On (Ans1 + [olpviny 2 - llullve1) - exp {Cnlulpns1)/21}

Proof. The proof of follows precisely the pattern of proving energy estimates for perturbed Klein-
Gordon equations, as in the proof for (3.7). Let N € N, let « be a multi-index such that |a] £ N+1,
and let us show that:
(29)

EWut, ) £ O (Jult, )l pgey - EC0(t, )+ [lult, e ot -lp 1)

To do so, we start by applying the operator I'* to equation (26). By making use of the commutation
properties of the operator I'® with []; (see lemma (B.3)), we obtain:

3 3
OuT — T 3 f (w1  Qado = T Y f* () - Oy
a=0

a,1=0

25



ALESSANDRO MASSAAD BACHELOR THESIS

Now, compute:

3 3
re Z faz' (u7 u/) 0,00 = Z fai (u’ u/) - T%9,0;v

a,i=0 a,i=0

3 /
+3 > i) - T 0,0

@,i=0 | |[+|az| SN

3 3 /
=Y ) 0,0T+ Y Y fU ) - 00T

a,i=0 a,i=0 |B|SN

3 l
+ Z Z T f9% (u,u') - 0y 0,720

a,1=0 Jay|+|az| SN

3 l
+ Z Z o f9% (y,u') - 90T 2

a,i=0 | |+|az|SN-1

3 3 /
= Z £ (u, ) - 0,0,T v + Z Z ¥ u,u’) - OTPv

a,2=0 a,2=0 M-}‘§N+1

3 I
+ Z Z o f9 (y, 0/ - OT 20

a,5=0 |aq|+|az|SN+1

3 /
+ Z Z o o (y, ') - OT 2
@1=0 |az[+|az| SN
3 3 /
= Z F(u,u) - 00T v + Z Z 0o f4% (g, u') - 0T 2
a,2=0 a,2=0 |a1|+|a2|§N+1
We keep the terms Zi im0 f*(u,u’) - 00T *v in the LHS and move the other terms to the RHS.

Similarly, compute:

3 3 /
re Z F* (u,u’) - Ov = Z Z 0 £ (u,u’) - T*0,v
a=0

a=0 |a; |[+|az| SN +1

3 / 3 /
=S Y )oY Y T (u) - o
a=0 [ay|+|BISN+1 a=0 |ay|+[az| SN

!

= Z Z Tt f(u,u') - OT*?w

a=0 Jay |+|az|EN+1

Re-indexing the functions {f®, f* | a,i € {0..3}} with an index j, and putting it all together,

equation (26) becomes:

/
0,0 — ij(wu') - 00Ty = Z Z o fi(u,u') - 02y = f
J

i Joul+laz| SN+1
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We now aim to bound the L?-norm of the RHS in order to follow the same steps as in the proof for
Ho6rmander’s lemma (theorem (3.7)):

It e = Z [T f7 (u, ) - 020

J o Jar|+|az| EN+1

/

Y X o
EANES S
|B2]SN+1

!/
2 2 PP ). jort .

J o |BISN+1
|ﬂ2|§|—¥~|
< O (lutt: e g Mot llpaves + s ey ol Dl )

Thus, using the exact same steps as in the proof for Hormander’s lemma, we get (29). Now, we can
sum both sides of inequality (29) over all multi-indices « size || £ N + 1 to get:

Qollo(t, e =Y BET(t, -))

la|<N+1

<O\ ult, Dl gy Yo EC(t )+ fult, ey ot e g

|a|<N+1
< C (lutt, g, pageq - ot ) (t: e[t -l i)
Now, applying Gronwall’s inequality (lemma (3.1)) yields the desired result. O

PROPOSITION 4.5 (Decay estimates). Let v be the solution of (26) satisfying (I.V.P."). For every
M € N, there exists a constant Cy; > 0 such that

(30) v € Car (Anrss + lulpar+6)/21 - 10llarge + [0l rarse) 21 - lullarre)
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Proof. Let M € N and let « be a multi-index of size || < M. We apply I'* to both sides of (26)
to get:

3 3
4 M%) =T Z 2 (u, 1) - Bu05v + T Z e (u,u') - O
a,i=0 a=0

3 /
— Z Z o foi (g, ') - T200

a,i=0 |a1\+|a2\§M+1

3 /
+ Z Z L f (u,u') - T* 9,0

@,1=0 o |+]oz|SM

!
Y Y ) T

I ealHaz|SMA41

Calling the RHS g, we have, using Proposition (2.8),
ITv(t, z)| £ C(1+1)">* [Apris + Eries5(9)]-
So let us compute E1 4. 5(g). Given a multi-index 3 of size | 3] < 5, we have:

H]-—‘Bg(tv ! )HL2 g Z Z ||Pa1fj (’LL, 'LL/) _FazavHL2

J o Jar|+|az|EM+6

’
SN SN VORI
J |51|§|—#—|
|B2|SM+6

!
+ Z Z HFBlfj (“7u1)HL2 : ’FBZ(%’LOO

J [B1|SM+6
82| [ 452

< (Jult, -)lp.pargeq - 0t llearss + ult, lirarss - ot e fage))
Thus,
Brsesl9) = sup(1 + 8 g(t, -)lles = sup(1+ 6+ 3 flg(t. )llzs
t20 2 18124
< C (Julpagge - [ollares + Nullarso - ol pacger )
O

Proof of Theorem (4.1). The vanishing of v for || = t+ 1 follows immediately from the properties
of u, ug, up if f* = 0, and is in general a consequence of sharp uniqueness theorems of the type
proved by F. John in [JOHN1981]. Now, taking N = 13 in (28), we have:

[vllia < C13 (Arg + [v7 - |lufl14) - exp (C13lul7)
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and using (23b), (23c) together with (27), we infer that
[lv]]14 < Ci3 (e + eK|v|7) exp (e KChy)

Picking € > 0 sufficiently small such that

(€2)) eKCiy <1,
we derive
(32) [v][1a = 3eC13 (1 + K|v|7)

On the other hand, using (30) with M = 8 we see that
[vls = Cs (Arz + |ul7 - [|v]l1a + [v]7 - [lulla)
And again using (23b), (23c) together with (27), get
[ols = Ci (e + Kellollaa + ol Ke)

§ Cg&‘ (1 + K83013 (1 + K|’U|7) + |’U|7K)

< Cse (1 + |v|7K(1 4+ Ke3Ch3) + Ke3Ch3)

= Cge (4 + 4v|7K)

§ 4086 (1 + |U|8K)

Hence, if
1
(33) 4CseK < 3
we obtain
vls = (8Cs) e
which proves (23b) provided that
(34) K 2 8Cy

Finally, from (32),

lv]l1a = 3eCi3 (1 + Klv|7)
§ 3eC3 (1 + K25)

< Ke
provided that
(35) K 2 6Ch3,
and,
(36) eK? <1,
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which proves (23c). Thus, picking K by (34), (35) and the picking ¢ sufficiently small by (31), (33),
and (36), we have proved Theorem (4.1). O

A. LP SPACES AND SOBOLEV SPACES

In this section we introduce basic objects and results fundamental to this paper: multi-indices,

Sobolev spaces and norms, Sobolev inequalities. See [EVA2010] for more details.

DEFINITION A.1 (I” norm). Let 0 < p < oo and let (X, M, 1) denote a measure space. If
f : X — R is a measurable function, then we define

%
o= ([ 1Pdn) " and 1flic o= esssup,ex (o)
Note that || f|| .»(x) may take the value oc.

DEFINITION A.2 (The space L”(X)). The space LP(X) is the set
LPX)={f: X = R [Ifllerx) < o0}

The space LP(X) satisfies the following vector space properties:

(1) Foreach o € R, if f € LP(X) then af € LP(X);

(2) If f,g € LP(X), then

f +gl” <227H(fP + 19l
sothat f + g € LP(X).
(3) The triangle inequality is valid if p > 1.

The most interesting cases are p = 1,2, oo, while all of the LP spaces arise often in nonlinear
estimates.

THEOREM A.3. LP(Q) is a Banach space
DEFINITION A .4 (Test functions). For 2 C R"™, set

CS(QY) = {u € C*(Q) | u has compact support} ,
the smooth functions with compact support.

DEFINITION A.5 (Multi-index). An element o € Z" is called an n-index. For such an oo =

(o1,...,ap), we write D* = 2= ... aa:" and we define the size of the multi-index by |a| =

O a, n
a1+ + Q.

DEFINITION A.6 (Weak derivative). Suppose that u € Li (). Then v® € Ll _(9) is called the

loc loc
o™ weak derivative of u, written v® = D%, if for any ¢ € C§°(2),

w(z) D% (z) dx = (—1)lo] v¥(x)o(x) dx.
/Q<>D¢<>d (-1) / (2)é(x) d

Q
Remark. Note that if the weak derivative exists, it is unique. To see this, suppose that both v; and

vy are the weak derivative of w on Q. Then [,(v1 — va)¢dx = 0 for all ¢ € C§°(9Q), so that

V1 = Vg a.C.
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DEFINITION A.7 (Sobolev space W*?(Q)). For integers k > 0and 1 < p < oo,
WHhP(Q) = {u € Li,.(Q) | D*u exists and is in LP(2) for |a| < k} .

DEFINITION A.8 (Norm in W*?(Q)). Foru € W*?(Q) define

p

lullwes@ = | S 1D%ullq | forl<p<oo
lal<k

and

|| yyr.00 () = lm‘a<u)2|D Ul oo () -

It is clear that these functions define norms since they are a finite sum of LP norms.
THEOREM A.9. W"?(Q) is a Banach space

Proof. Let u; denote a Cauchy sequence in W*P(€2). It follows that for all |a| < k, D%u; is a
Cauchy sequence in LP(2). Since LP () is a Banach space, for each « there exists u® € LP(Q)
such that

D%uj — u® in LP(Q).
When o = (0,...,0) we set u := u(®0) so that u; — w in LP(Q). We must show that u® =
D%u. For each ¢ € C§° (),

/ uDY¢ dx = hm /u]D odx
Q

|“‘ lim /D u;¢ dx

j—oo

= (0 [ wods
Q

thus, u* = D%u and hence D%u; — D“u in LP(Q) for each || < k, which shows that u; — u in
WkP(Q). 0

DEFINITION A.10 (Hilbert space H*(2)). For integers k > 0 and p = 2, we define
H*(Q) = Wh2(Q).
H*(£) is a Hilbert space with inner-product (u, v) k() = > lal<k (DU, D) p2(q).

LEMMA A.11. Let Q2 be a bounded open subset of R™ with C' boundary, and let u € H* (). If
k > n/p, then
[ulLo () = Cllullzx @)

with the constant C depending only on n, k,

B. ADDITIONAL USEFUL RESULTS

In this section, we show some additional results that are fundamental for the proof of this paper.
Most of these results are not directly used in the main proof and are very computational, hence the

choice of grouping them in a separate appendix.
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LEMMA B.1 (Lorentz invariance of (). For any I'* € T,

[r,0] =0

Proof. When I'¥ = 0, the result is straightforward since partial derivatives commute. When I' =
Qap, We compute:

[Qab7 D] = [Qab; at2 - A] = [Qaba atz] - [Qaba A]

And, since
[Qup, 0%] = Q0% — 0* Qg
= (2,0p — x(,aa)82 - 32(:%8;] — xp0,)
= 2,000 — 10,0% — 1,00y + 1,0%0,
=0,
we get the desired result. U

LEMMA B.2. For any 10-index «, for any fixed ordering of the operators T,

[T, 0] =0

Proof. The proof is done by (strong) induction on the size N := |«/| of the multi-index. The base
case (/N = 1) is given by the previous lemma. Assume the lemma holds for any 10-index S of size
|3] £ N and let a be a 10-index of size |a| = N + 1. Then we can write T® = TI'® where 3 is a
10-index of size |3| = N and T'* € T. Then we compute:

[T, 0] = ['T?,0) = I'T°0 - Or'r? = r'or? - r'or? = o

O
COROLLARY B.3. For any 10-index «, for any fixed ordering of the operators T,
[, 0:]=0
Proof. This is a straightforward consequence of the previous lemma, the fact the fact that [['*, 1] =
0, and the bilinearity of the Lie bracket. O

LEMMA B.4. The commutator of any two T operators is a R-linear combination of the I' opera-
tors, i.e., forany I, T7 € T,

[T, 1] € Spang(I")
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Proof. When I'? and I'V are both partial derivative operators, their commutator is 0 so the lemma
holds. Consider the case I'" = Q4 = .0, — 20, and IV = 9. Then we have

[Qap, Oc] = [2a0p — pOy, Oc
= 24[0h, Oc] — 2[00, Oc] + [Oc, %a]Ob — [Oc, 0] 0
=0—0+4 (6caOp — dep0a)
= 0caOp — 0ct0a

which is a R-linear combination of elements of I'. Now consider the case ['¥ = Qg = .05 — 504

and IV = Q.4 = .04 — £40,. Then we have:
[Qab; Qeal = [£a0p — 2600, Te0d — Ta0e]
= %4[0p, ©c04) — 74|0, ©aOe] — [0, 4] + Tb[0a, TaOe
= 24(0bc0d + T¢[0p, 0d]) — Ta(0bdOc + a0, Oc])
— 24(0acOd + c[0u), 0d) + Tb(60d0c + Ta[0a, Oc])

= 240bc0d4 — Ta0bd0c — Tb0acOd + Tv0adOe,
which shows that [Q,, Q4] is also a R-linear combination of T" operators and ends the proof. [
LEMMA B.5. Given a vector F : R? = R3 and a scalar field g : R® — R, we have

div(g-F) = Vg -F + g -div(F)

where div F = V - F is the divergence of F.

Proof. Let F = (Fy, Fy, F3) be the components of the vector field and g the scalar field. The
divergence of gF is computed as

div(gF) = V - (gF)

= ﬁ(gFl) + g(gFg) + ﬁ(QFZ’))

ox dy 0z
(04, PR, (%9, , OF) (04,  OF:
_<8xF1+98x>+<8yF2+98y>+<8zF3+gaz>

=(Vg-F)+g(V-F),

O

LEMMA B.6 (Divergence Theorem). Let 2 C R3 be a region with smooth boundary OS2, and let
F be a continuously differentiable vector field on Q. Then,

/dideV: F - nds,
Q o0

where div F = V - F is the divergence of F, n is the outward unit normal vector on 0X), dV is the

volume element, and dS is the surface element.
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LEMMA B.7. For any sufficiently smoothu : R, x R3 — R,

Owu - Ohudr = 1(9t<5'2(u(t, )
R3 2

Proof.

ou - Diudx = 8tu~8t2ud:rf Ou - Audrx + Owu - udr
R3 R3 R3 R3

We compute:
1 1
Opu - Otudr = / Eﬁt (\3tu\2) dxr = 5@ (ll0pul(t, - )H%z)
R3 R3

1 1
O - udx = / 5@ (\u|2) de = iat (Hu(ta : )||2L2)
RS

R3

And, using lemmas (B.5) and (B.6), compute:

Ou - Audr = /

div(Qpu - Vu) dz + / div(9,Vu - Vu) dzx
R3

R3 R3
1 1
R3

O

LEMMA B.8 (Product rule for I' operators). For any I'" € T and for any sufficiently smooth
functions f,g: Ry x R® = R, we have

Ii(f-g)=T'f-g+ f-T'g.

Proof. When T is a partial derivative, the result follows directly from the product rule for deriva-
tives:
When I' = Qg = 2,0, — 20,, We compute:
Qan(f - 9) = (%aOp — 260.)(f - 9)
a0 (f - 9) — p0a(f - 9)
o ((Oof) - g+ [ (09)) — 26 ((0af) - g+ f - (0ag))
= (@aOsf) - g+ (xaf) - (Oog) = (€00af) - 9 — (20.f) - (Dag)
= (%aOpf — 260af) - g+ [+ (2aObg — 26049)
=Qapf -9+ [ Qavg-

O
LEMMA B.9 (Leibniz rule for I" operators). For any 10-index o of size || = N, for any I'* € T

and for any sufficiently smooth f,g : R, x R3 — R, T'*(f - g) is a linear combination of terms
of the form T f - T'*2g, with |ay| + |a2| £ N. Using the notation introduced in lemma (3.5), we
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write:

!
L*(f-g)= Y  I™f-I%g
lot[+]az| SN
LEMMA B.10. For any 10-index « of size || = N, for any sufficiently smooth function f :
R, x R? — R, there exist a 10-index 3 of size |3| < N and C = 0 such that

Tl < epri s

where f™ denotes the n-th power of f, and || - || denotes either the L*-norm or the L>-norm (taken

over the spacial domain R3).

Proof. The proof is done by induction of the exponent n of f. The base case (n = 0) is trivial.
Now assume the result holds for n € N, i.e., that for any 10-index «, there exists a 10-index S,
of size |8, | < |a1] and C' 2 0 such that

[T (F™)) < CJT e £

Let us show that it also holds for n + 1. Let « be a 10-index of size || = N and we have, using
the previous lemma and the hypothesis,
/
T =TG- nHlls Yo T - e )
loa |[+]az| SN

/

< Y Crfeg|rgree gy

lar[+|az| SN
Setting 3 := argmax, ||V f||, where the dummy variable v ranges over the set {3a, | |a1| =
N} U{as | |az] £ N}. Then, changing C, we obtain
[T £ O g,
which concludes the proof. (|
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